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1 Introduction

The basic idea is to approximate the continuous stochastic optimization problem with a 2-stage stochastic
program with explicit scenarios.

2 Notation and Problem Formulation

Let xi ∈ {0, 1} be the decision variables (if we take item i or not). Let vi be the value of item i and wi be
the weight of item i. Each vi and wi are a random variable defined by some distribution. Let W be the
maximum capacity of the knapsack. Our goal is to solve the following optimization problem.

maximize:
∑

i

vixi (1)

subject to: (2)∑
i

wixi ≤W (3)

3 Sampling Particular Knapsacks

Our first observation is that we can approximate the joint distribution of the vi and wi variables by taking
many samples. Without any information about the distributions it is not clear how many samples we would
need or how they should be generated to yield a good approximation. For now, lets assume we have resolved
that issue and say that we have m samples. Each sample have three key data values, pm the probability of
sample m’s occurrence, vm

i wm
i which are the item values and weights of item i in sample m (note these are

constants now not random variables).

4 Simple Formulation

If we accept that the m scenarios are an accurate representation of joint distribution then we can solve the
problem using this Integer Programming (IP) formulation.

variable: xi ∈ {0, 1} (4)

maximize:
∑

s

ps
∑

i

vs
i xi (5)

subject to: (6)∑
i

ws
i xi ≤W ∀s (7)
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The choice of objective function is not totally clear. In the model above we show maximizing the average
profit (||vixi||1), but we may also consider maximizing the worst case profit (||vixi||∞, often called robust
optimization). The model can do this as well if we introduce a new variable for the worst value wv.

variable: xi ∈ {0, 1} (8)
variable: wv ∈ [0,∞] (9)

maximize: wv (10)
subject to: (11)∑

i

ws
i xi ≤W ∀s (12)

wv ≤
∑

i

vs
i xi ∀s (13)

The big advantage of this formulation is that it can scale to large numbers of scenarios/samples. I believe
industrial IP solvers can solve these kinds of stochastic programs with around 30,000 samples. However
this model is always giving a worst case analysis in terms of the capacity constraint ≤ W . Imagine this
pathological case for each item i there exits a sample, s where ws

i = W . Because we have posted the
constraint, ∑

i

ws
i xi ≤W ∀s

Any solution can only take one item and the optimal solution will simple take the item with highest value. It
seems we need some way of relaxing this constraint. There are many approaches, such as putting it into the
objective function with a Lagrangian Relaxation. In the next section I will discuss a combinatorial solution.

5 Richer Formulation

I would guess in practice that if you plan on taking 3 items and you ”expect” they will be ≤W but once the
weights are realized you cannot fit them all, then you will take the best subset which maximizes your value.
We can model this using IP but we need to add variables for each scenario that represent if drop some items.
I will call these variables the ys

i values.

variable: xi ∈ {0, 1} (14)
variable: ys

i ∈ {0, 1} (15)

maximize:
∑

s

ps
∑

i

vs
i y

s
i (16)

subject to: (17)∑
s

ps
∑

i

ws
i xi ≤W ∀s (18)∑

i

ws
i yi ≤W ∀s (19)∑

i

yi ≤ xi ∀s ∀i (20)

Once again the choice of objective function still remains here, but the transformation is the same. This
formulation is likely to be less scalable than the simple one because we have on IP master problem and m
IP subproblems one for each of the samples/scenarios. However we can take a linear approximation of the
subproblems by letting the ys

i be continuous in the range [0, 1] instead of the discrete {0, 1}.
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6 Open Questions

1. What kind of objective function suits the domain area?

2. How many samples do we need for a specific accuracy? (clearly distribution dependent)

3. How should the samples be taken to maximize the approximation accuracy? Uniform sampling seems
to be a reasonable first step.

4. Have any of these issues been solved by work on online knapsack or set covering problems?
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